268 


Mr. G. Wilson, On a Method of determining the 

VIII. “ On tlie Occlusion of Hydrogen and Oxygen by Palladium.” 

By Ludwig Mond, Ph.D., F.R.S., William Ramsay, Ph.D., 
LL.D., Sc.D., F.R.S., and John Shields, D.Sc., Ph.D. 

The Society adjourned over the Christmas Recess to Thursday, 
January 20, 1898. 


64 On a Method of determining the Reactions at the Points of 
Support of Continuous Beams. 5 ’ By George Wilson, 
M.Sc., Demonstrator in Engineering in the Whitworth 
Laboratory of the Owens College, Manchester. Communi¬ 
cated by Professor Osborne Reynolds, F.R.S. Received 
November 20,— Read December 16, 1897. 

The theory of continuous beams has been the subject of so much 
research in the past that further investigation would seem almost 
superfluous. In certain cases which occur in practice, however, the 
computations arising out of the existing methods become com¬ 
plicated and laborious, if not impossible to reduce, so that any 
solution which avoids these difficulties may be of sufficient value to 
warrant its publication. 

Mr. Heppel, in a paper read before this Society/* has traced the 
developments in the theory, culminating in the discovery of the 
4 Theorem of Three Moments,’ by M. Bertot, in 1856, and independ¬ 
ently by M.M. Clapeyron and Bresse, in 1857. Previously to 
Clapeyron, Navier and other authors had sought the solution of the 
problem by obtaining the reactions at the various points of support 
of the beam; Clapeyron, however, first introduced the innovation of 
considering the bending moments at the points of support as the 
unknown quantities to be determined. 

M. Bresse, in his ‘ Cours de Mecanique Appliquee,’ has discussed 
very fully the solutions of the various problems by this method, on 
the supposition of a constant moment of inflexibility of the sections 
of the beam both for the case of spans of arbitrary lengths and also 
for cases where the end spars are equal but of different length to 
the intermediate spans whose lengths are all supposed to be equal. 

Mr. Heppel, in the above mentioned paper, published solutions in 
which the spans were divided into two, three, four, or five equal 
parts throughout each of which the load and the cross section of the 
beam were supposed to remain constant, although varying from one 
division to another. 

Professors Perry and Ayrtonf have dealt with the question of a 

* f Roy. Soc. Proc.,’ vol. 18, p. 176. 
f Ibid toI. 29, p. 493. 
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variable moment of inertia by obtaining the theorem of three 
moments in a slightly different form, the necessary summations for 
each span being performed graphically, whence on substitution in 
the original equations the bending moments can be obtained. The 
author has reverted to the problem of finding the reactions at the 
points of support and has based his method on a principle, definitely 
stated by Bresse,^ and applied by him to the case of a uniform con¬ 
tinuous beam of two equal spans. 

The author claims that the method given below affords an easy 
and accurate solution for continuous beam problems, and especially 
those in which the moment of inertia is variable. It also permits of 
the variations in the stresses due to alterations in the levels of the 
supports being investigated. 

The principle may be reproduced as far as is necessary as 
follows :— 

The displacement of any point by reason of the deformation of the 
beam is the resultant of the displacements which ivould be produced if 
one supposed all the external known forces to act separately and one after 
the other. 

This being so, the continuous beam may be considered as a simple 
beam supported at each end and under the action of the given 
loading acting vertically downwards, and also under the action of 
the supporting forces at the intermediate piers acting vertically 
upwards. 

If the neutral fibre of the beam in the unloaded condition is 
assumed to be a straight line, then the result of the action of these 
two distinct systems of loading is to make the final deflection of the 
neutral fibre afc each of the intermediate points of support equal to 
zero. 

If the beam consist of n spans there will be n — 1 intermediate 
supports, the upward pressure of each of which acting by itself 
would produce a definite deflection of the beam at any point: the 
sum of the separate deflections produced by these pressures at any 
one point of support must equal the deflection produced there by the 
given loading, and as each of the constituent deflections can be 
expressed in terms of the unknown concentrated load causing it, 
there will, therefore, be (n—1) equations each containing the reac¬ 
tions at each intermediate point of support, and as there are (n — 1) 
reactions these equations are sufficient to determine their values. 

Let Aq A x Aa •... A n be the points of support. 

AqAu — L. 

A 0 Aj — Zi, A 0 A 2 = ?2j AqA 3 = 4. 


‘ Conrs de Mecanique Appliquee/ vol. 1, p. 137. 
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Let m be the bending moment at any point in the mean fibre of 
the beam, dne to the given system of loading. 

I the moment of inertia of the section of the beam upon which 
m acts. 

E = the modulus of elasticity. 

Let the origin be at A 0 ; the axis of x be A 0 Ai.... A»; and the axis 
of y be perpendicular to that of x and positive downwards. 

Also let the suffixes 0,1, 2, 3,.... refer to the corresponding points 
A 0 , Ai, A 2 , A 3 ,.. .. so that m l is the bending moment at the first 
intermediate point of support, due to the given loading. 

Then from the equation 

E dx* ~ l 

for the case of a beam supported at each end, we obtain 

By = -jfy c^ + ETo*, 

where T 0 is the tangent of the angle of inclination to the axis of x, 
of the tangent to the mean fibre at the origin— 

Ey x = -jj yafe 2 + ET„l x , 

where y x is the deflection at Ax which would be produced were the 
beam only supported at each end and under the action of the given 
loading. 

Again let m', m", m'", &c., be the bending moments at any point 
in the mean fibre due to the upward thrust of the reactions it 1? R 2 , 
R, 3 .. .. at the points A x , A 2 , A 3 „..., and To', T 0 ", T 0 ' f ' the corre¬ 
sponding tangents at the origin. 

Then Ey x ' = -jj yda i! +ET 0 'Z l 

E yi " = - jj^^ + ETA 

hence finally since 

y — y +y' -f -y" -f- .... for the points A 1? A 2 , A 3 .... , 
we have 
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and so on, there being as many equations as intermediate points of 
support. 

If the function m/I is assumed to represent the intensity of a new 
loading on the girder, it can easily be shown that the expression 

ET„^— I I'y-dx 2 

represents the value of the bending mom.ent at the point A 1} due to 
this new loading, considering the beam as supported only at each 
end. 

Let this expression for the bending moment at Ai be called Hi, and 
that at A 2 H 2j and similarly for A 3 ..... 

Again, we may write the expression 

ETo'Zj—J J ~ d f equal to 

ni being the bending moment at A 1? due to a new il m/I” loading 
obtained by assuming a unit force to act at A x . 

Similarly ^ET 0 ''Zi- jj — R -%"- 

Hence the equations become 

Hi = Ei%/ -j-E3%i 4“ • • • * ? 

H 3 = Ran*' + P 2 %" + U,np 4- , 

H 3 — Eit^ -I 4" Ea?^ 4“ . • • • > 

&c., &c., , 

from which IL, E 2 , E 3 ,... may be easily obtained when the con- 
stants have been determined. 

Lord Eayleigh has shown, in his ‘ Theory of Sound’ (vol. 1, p. 69), 
that when a beam is loaded with a concentrated load at any point E 1 , 
and the load is transferred to a second point P 2 , then the deflection 
at P 2 when the load is at P x is equal to the deflection at P x when the 
load is at P 2 , hence 

n 2 ' = fh" ; ni = 'ni" 5 »*”' = nf ; &c., &c., 

thus reducing the number of constants to be found, or affording a 
check on the accuracy of the working. 

In the example appended 
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nj = 22*47 by calculation. 

%" = 22*53 „ 

Mean = 22*50 

Error = 0*13 per cent. 


In practice it is usually very difficult to obtain tbe value of the 

-~dx 2 by integration unless I is assumed to be constant, or some 

) L 

simple function of x . 

The following method will, however, give the values of 1ST, n\ 
n'\ . ., required to any degree of accuracy. 





FIG.!. 


Let the diagram APCA (fig. 1), obtained by erecting ordinates 
proportional to the values of mjl at every point in the mean fibre 
AC, represent the new loading. 

The bending moment at any point B may be found very simply as 
follows :— 

If PH be any ordinate such that PH'cib represents the load on any 
small element dx at H, then if PH be divided in Q so that QH/PQ 
= HC/HA, then QNdx represents that part of the reaction at A 
due to this load PHefoe at H. 

Hence by taking a sufficient number of points a curve AQC can 
be drawn to represent the reaction at A due to the load APC. 
Again, the load on AB may be replaced by a load at A having an 
equal moment about B, in a similar manner, either graphically as 
in the figure, which explains itself, or by calculation. Thus a second 
curve, ABB, is obtained. 

Then it is easily seen that the moment at B is the difference of 
the areas of the diagrams AQC A and ABBA, multiplied by AB ? 
that is— 

H x = AB(area AQCBBA). 

This area may be obtained by a planimeter or by calculation, for 
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if all the ordinates to the curves are taken at equal intervals, the 
span being divided into an even number of the latter, the final 
diagram AQCBRA may he plotted and its area obtained by any 
planimeter, or by Simpson’s rule. 

In the example appended the area has been found both ways. 


Elevation or Depression of Points of Support. 

Let S with the correct suffix represent the elevation of any point 
of support above the line A 0 A», a depression being reckoned as 
negative. 

Then in the equations to find the reactions, since the final deflec¬ 
tion is not zero, we must write 

-f- E — R ptj -f- R^t/ “b • • • • 

Hj-bE^g “ RpW "b Pi/nf -f- • • .. . 

Some of the values of RiR 2 .... may be negative, in which case, 
if the beam is not to be fastened down at the supports, a fresh solu¬ 
tion must be sought by omitting one or more of the negative 
reactions, until the remaining ones become positive. 

The mean fibre of the beam has hitherto been assumed a straight 
line when under the action of no force. In certain girders this is not 
the case, but the above methods may be applied with sufficient accu¬ 
racy for practical purposes when the maximum distance of the 
external layer of the beam from the mean fibre is small compared 
with the original radius of curvature of the mean fibre. 

For then —~ J-j approximately, 

El \iV R/ n 

where R is the original radius of curvature of the mean fibre at any 
point and R' its curvature after loading. 

Hence, if v =*F(aj) is the original equation to the mean fibre, and 
y = f(x) the equation after straining, 

^ m _ d 2 y d 2 v 

1611 El “ lkf~"df? 

or - — I m 

dx 2 “ dx- 'El ’ 

which shows that the final deflection curve is the result of super¬ 
posing on the original curve of the mean fibre, the deflection curve 
obtained under the given loading, for a beam of the same cross 
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section at every point, but with a straight mean fibre, and hence the 
method is applicable. 


Appendix. 

To find the magnitude of the reactions at the points of support of 
a continuous girder of three spans (viz., 60 feet, 100 feet, and 
40 feet respectively), and loaded with a uniform load of 3 tons per 
foot run, the moment of inertia of the cross section being 2100 at the 
commencement of the 60-foot span and increasing uniformly to 3300 
at the commencement of the 100-foot span, and thence diminishing 
uniformly to 3000 at the beginning of the 40-foot span, and further 
diminishing uniformly to 2200 at the other end of the girder, the 
units taken being feet and tons. 

The variation of the moment of inertia is shown in fig. 2. The 
curve A 0 BOA 3 in fig. 3 is the M/I curve for the beam resting on each 
end support, and loaded with 3 tons per foot run. 

Treating this as a new load and reducing the ordinates in the 
correct proportion, the curve A 0 DEA 3 shows the amount of this load 
transmitted to A 0 to form the reaction there. 


no.2. 
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Again the curves AqHAx and A 0 FA 2 show the loads acting at A 0 , 
which have their moments about Aj and A 2 respectively, equal to 
the moments of the loads on A 0 Ai and A 0 A 2 about A x and A 2 respec¬ 
tively. 

Hence HST X = area A 0 DEA 3 AiHA 0 x 60 = 16330. 

N 2 = area A 0 DEA 3 A 3 FAo X 160 = 12084. 

Similarly the curve A 0 BCA 3 in fig. 4 is the M/I curves for 100- 
ton load acting at A u whence 

= area AoDEAgAJIAoX — = 37*67. 

100 

n<l = area A C DEA,AJ’A 0 x — = 22-47. 



Again the curve A 0 BOA 3 in fig. 5 shows the M/I curve for 100 
tons load acting at A 2 . 

whence nC = area AoDEA 3 A 1 HA 0 x = 22*53. 

nf — area A (i DEAA 2 rA 0 x — = 22-69. 
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The equations for the supports are 

16330 = 37*67 R t + 22*53 H 3 , 

12034 = 22-47 R x + 22-69 R 2 , 

whence R 0 = 52*0 tons. 

R x = 281*9 „ 

Rig zzz 2t>3*o ,, 

Ra = 12-6 „ 

If I were assumed to be constant then by Clapeyron’s theorem of 
three moments 

Ro = 53*2 tons. 

R x — 278*3 „ 

R 3 = 259*8 „ 

Rs = 8*7 „ 

The above values of the constants were obtained by dividing the 
span into twenty equal divisions of 10 feet, and calculating the 
value of the ordinates to each curve at these points. This is clearly 
shown in Tables I, II, III. 

Having obtained the ordinates to the M/I curve, in each case the 
succeeding ordinates could be written down almost by inspection, 
and employed to find the areas by Simpson’s rule, the time occupied 
being very short. 

If the support at A x be supposed to be depressed inch below the 
line A 0 A 3 whilst A 3 is supposed to be elevated § inch above it, the 
alteration in the supporting forces is easily found. 

For assuming E = 24,000,000 lbs. 

E 8 1 = —446*4. 

Ec 3 = +669'6. 

Hence the equations become 

16330 — 446*4 = 37*67 R x +22*53 R 2 , 

12084 + 669-6 = 22*47 R x + 22*69 R z , 

whence R 0 — 82*06. 

R x = 210*2. 

R 2 — 354-0. 

R 3 = - 46-26, 

indicating that under these conditions the end of the girder at A 3 
would have to be fastened down in some way. 

Further alterations of level may be investigated in a similar 


manner. 



Table 
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Hence area by Simpson’s rule = 14*046 . *. n'. 2 = 14 046x160 _ 22 .,j 
























Distance of ordinates from A 0 (feet) 
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